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Abstract
By using of an appropriate transformation, it was shown that the quantum system
of 4 dimensional simple harmonic oscillator can describe the motion of a charged parti-
cle in the presence of a magnetic monopole field. It was shown that the Dirac magnetic
monopole has the hidden algebra of U(1) symmetry and by reducing of the dimensions
of space, the U(1)×U(1) dynamical group for 4D harmonic oscillator quantum system
was obtained. Using the group representation and based on explicit solution of the
obtained differential equation, the spectrum of system was calculated.
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1 Introduction
One of the techniques for calculating energy spectrum eigenvalues and eigenfunctions in
the quantum systems is the use of hidden algebra group in the quantum system so that
the problem is solvable by the algebra method [1]. Recently, Hurwitze’s transformation
has been developed for a monopole generation. In this method 2D, 4D, and 8D quantum
oscillators can be transformed into the charge-monopole bound systems in R2, R3, and
R5, respectively through applying special transformations [2-7]. In this paper, it will be
shown that the 4D quantum oscillators can introduce a system with the motion of a charged
particle in an interaction of Dirac magnetic-monopole [8,9]. For this purpose, first, based
on KS transformation [3], we will present a model for the harmonic oscillator quantum
system. Thus, the Four-dimensional space can be transformed to a product of a space
with a three Cartesian coordinates and a one-dimensional space [10,11]. Then, for solving
obtained differential equations from the three-dimensional spaces in this transformation, two
sections for two coordinates systems, namely hyperspherical and parabolic coordinates will
be presented in order to separate the variables in the obtained differential equations. It
can be easily seen that there is U(1) × U(1) hidden algebra in this model, so the energy
eigenvalues spectrum will be calculated by solving the reduced differential equations based
on the hypergeometric functions and Generalized Laguerre polynomials.
2 4D quantum oscillator and KS transformation
The Schro¨dinger equation for the quantum oscillator in the four-dimensional space follows:
3∑
µ=0
∂2Ψ
∂u2µ
+
2M
h¯2
(
E − Mω
2u2
2
)
Ψ = 0, (2.1)
where u2 = uµuµ. This equation can be considered as a Hamiltonian for a number of four
one-dimensional oscillators with equal masses whereas there is no interaction between them.
It is clear that the total energy in this system is obtained by the summation of individual
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energy of particles and the total eigenfunction is also gotten by product of Hermit functions
for each particle or each variable uµ. By applying KS transformation[3]:
x0 = u
2
0 + u
2
1 − u22 − u23
x1 = 2(u0u1 + u2u3)
x2 = 2(u0u3 − u21u2), (2.2)
where
R = u2, r = R2 = (x20 + x
2
1 + x
2
2)
1/2, (2.3)
equation (2.1) is transformed to a equation with the Coulomb potential in the three-dimensional
space. By applying the angular transformation, which is presented as the following relation
[10]:
γ = i ln
u0 − iu1
u0 + iu2
, (2.4)
it will be obtained:
1
2M
(
ih¯
∂
∂xi
− h¯AiŜ
)2
Ψ+
h¯2
2Mr2
Ŝ2ψ − e
2
r
Ψ = ǫΨ, (2.5)
where i = 0, 1, 2, ǫ = −Mω2
8
, 4e2 = E, and Ŝ = −i ∂
∂γ
. It is evident, Ŝ in equation (2.5)
is an extremely small generator of the U(1) algebra [12]. Therefore, the four-dimensional
space R4 is represented as a direct product, R3
⊗
S14π, of the new configuration space R
3 with
the Cartesian coordinates xi ǫ (−∞,+∞) and the one-dimensional space with the coordinate
γ ǫ [0, 4π). In equation (2.5), Ai coordinates are gauge potential of Dirac magnetic-monopole
and can be determined using the following relation:
−→
A =
1
r(r + x0)
(−x2, x1, 0). (2.6)
Equation (2.5) can be presented as a Dirac magnetic-monopole Hamiltonian for the charge-
dyon with the U(1) hidden algebra. It should be mentioned that in the equation (2.1), ω is
considered as a potential constant parameter. So, E is quantized according to E = h¯ω(N+2).
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Although, in the equation (2.5) E is potential constant parameter and ω is quantized by ωN =
E
h¯(N+2)
where N is a natural number in both of equations. Using the generator representation
of U(1) group and its application on the wave function as Ψ = eimγψ(x0, x1, x2), equation
(2.5) is converted to the following equation
1
2M
(
−ih¯ ∂
∂xi
− h¯Aim
)2
ψ +
h¯2m2
2Mr2
ψ − e
2
r
ψ = ǫψ. (2.7)
In the other words, by applying the representation of group, γ coordinate is substitution
with the parameter and the integer number m and the one-dimension of space is reduced.
3 The solutions of the reduced equation in the hyper-
spherical coordinates
Let us apply the hyperspherical coordinates in the space R4 according to the following
relstions for solving equation (2.7) which describes the charge-dyon system with the U(1)-
monopole.
Ar = Aθ = 0, Aϕ =
1− cos θ
r sin θ
, (3.1)
Kinetic energy term of equation (2.7) is gotten as the following form in the hyperspherical
coordinates:
1
2
(
−i ∂
∂xi
− Aim
)2
= 1
1
2
∇2 + im
r2(1 + cos θ)
∂
∂ϕ
+
m2
2r2
(
1− cos θ
1 + cos θ
)
. (3.2)
By substituting equation (3.2) into the equation (2.7) and considering i ∂
∂ϕ
as an extremely
small generator of the U(1) group, it is observed that the U(1) dynamical group is hidden in
this system. Therefore the coordinates of the equation can be reduced to r and θ variables
by using of the Lie group representation and assuming the solution of equation (2.7) as:
ψ(r, θ, ϕ) = eipϕR(r)Z(θ). (3.3)
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In other words, if a separated constant is considered as λ(λ+ 1), two following ordinary
differential equations is gotten as follows:
− 1
2r2
∂
∂r
r2
∂
∂r
R(r) +
[
1
2r2
λ(λ+ 1) +
m2
2r2
− Me
2
rh¯2
− 2Mǫ
h¯2
]
R(r) = 0, (3.4)
− 1
sin θ
∂
∂θ
sin θ
∂
∂θ
Z(θ) +
[
p2
sin2 θ
− 2mp
1 + cos θ
+
m2(1− cos θ)
1 + cos θ
− λ(λ+ 1)
]
Z(θ) = 0. (3.5)
The equation (3.5) can be solved by assuming x = 1−cos θ
2
and using the transformation
Z(θ) = F (θ)M(θ) where F (θ) is a hypergeometric function. Therefore two un-normalized
solutions of the equation (3.5) are gotten based on the hypergeometric function as:
Z(θ) = (cos θ)m−p−1(1− cos θ)p/2 ×2 F1(−nθ, nθ − p+ 2m− 1, p+ 1; 1− cos θ
2
), (3.6)
and
Z(θ) = (cos θ)
−2m−p
2 (1− cos θ)p/2 ×2 F1(−nθ, nθ − 2m− 1, p+ 1; 1− cos θ
2
). (3.7)
For solving radial term of equation, if the transformation R(r) = Q(r)Lkn(r) is applied
in the equation (3.4) where Lkn(r) is a generalized Laugerre polynomials, the un-normalized
solution of the radial term of this equation can be calculated based on the generalized
Laugerre polynomials as follows:
R(r) = r
k−1
2 e−
r
2Lkn(r), (3.8)
where
k2 = 4[m2 + λ(λ+ 1)] + 1,
2Me2
h¯2
− k + 1
2
= n. (3.9)
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Also, the energy eigenvalues spectrum in the charge-dyon system with the U(1)-monopole
in the three-dimensional space can be obtained as:
ǫ = − Me
4
2h¯2(n + k+1
2
)2
, N = 2n+ k + 1. (3.10)
Therefore the energy eigenvalues spectrum of four harmonic oscillator can be gotten by
substituting parameter definitions of E, N , and ω into the relation of the energy eigenvalues
(3.10).
4 The solutions of the reduced equations in the parabolic
coordinates
The parabolic coordinates transformations can be applied to solve the equation (2.7) that is
related quantum model. If the three coordinates are considered as the following forms
x1 =
√
εη cos
ϕ
2
, x2 =
√
εη sin
ϕ
2
, z =
1
2
(η − ε). (4.1)
Ai coordinates can be determined as Aϕ =
2
√
ε√
η(η+ǫ)
and Aη = Aε = 0 in the parabolic
coordinates. By having considered the above new variables, equation (2.7) is rewritten as:
− h¯
2
2M
(
4
ε+ η
∂
∂ε
ε
∂
∂ε
− 4
ε+ η
∂
∂η
η
∂
∂η
− 4
εη
∂2
∂ϕ2
+
8mi
η(ε+ η)
∂
∂ϕ
)
ψ(ε, η, ϕ) +(
2h¯2m2
M
1
η(ε+ η)
− 2e
2
ε+ η
− ε
)
ψ(ε, η, ϕ) = 0. (4.2)
By separating of variables the equation (4.2) is solvable. In the equation (4.2), i ∂
∂ϕ
can
be considered as an extremely small generator of the U(1) group as the mentioned it in the
previous section. It is clear that eipγ term will be added to the space of representation.
Indeed, by assuming the wave function of system as ψ(ε, η, ϕ) = eipϕN(ε)Q(η), equation
(4.2) can be reduced to the two following solvable equations:
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1
N
∂
∂ε
ε
∂N
∂ε
− p
2
ε
+
ǫM
2h¯2
ε = α1, (4.3)
and
1
Q
∂
∂η
η
∂Q
∂η
− (p−m)
2
η
+
ǫM
2h¯2
η = α2, (4.4)
where α1 and α2 are the separated constants which satisfy the relation α1 + α2 = −e2Mh¯2
and p is also an integer number. The two equation (4.3) and (4.4) can be transformed to the
confluent hypergeometric differential equations. So, the un-normalized wave functions that
can satisfy the boundary conditions are represented as:
N(ε) = εpe−
ε
2 ×1 F1
(
2p+ 1
2
+ α1, 2p+ 1; ε
)
, (4.5)
and
Q(η) = η(p−m)e−
η
2 ×1 F1
(
p−m+ α2 + 1
2
, 2(p−m) + 1; η
)
. (4.6)
where p ≥ m and quantum numbers p and m are integer numbers. On the other hand,
the relation ǫ = −Mω2
8
due to the condition ω = 2h¯
M
that satisfies the frequency of quantum
model. For evanishing divergent solutions in the the confluent hypergeometric functions,
parameterized condition is also considered as c 6= 0,−1,−2, .... So, parameter p should be
non-negative integer number in the equation (4.4).In addition, p ≥ m due to the condition
2p − 2m 6= 0,−1,−2, ... in the equation (4.6). Since confluent hypergeometric functions
can be changed to a polynomial for a 6= 0,−1,−2, ..., the first argument of the confluent
hypergeometric functions (4.6) and (4.7) will be written as follows:
p+ α1 +
1
2
= −m1, p−m+ α2 + 1
2
= −m2. (4.7)
where m1 and m2 are positive integer numbers. If relation (4.7) is substituted in the
relation α1 + α2 = −e2Mh¯2 , the energy eigenvalues will be obtained as following form after
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some simplifications:
ǫ = − Me
2
2h¯h¯2(2p−m+m1 +m2 + 1)2
. (4.8)
So, the quantum model (2.5) which introduces the motion of a charge particle in the
Dirac magnetic-monopole is solvable such as its energy eigenvalue is given by relation (4.8)
and its eigenfunction is obtained by ψ(γ, ε, η, ϕ) = eimγeip ϕN(ε)Q(η).
5 Conclusion
When Hamiltonian of the quantum system are written based on the differential generators of
Lie algebra by perfect transformations, the energy eigenvalues and the wave eigenfunctions
of quantum system are available based on the group representation which has been hidden as
a dynamical symmetry in the system. Indeed, the existence of the hidden dynamical group
in the non-relativistic quantum systems can be used to determine the energy eigenvalues
spectrum and wave eigenfunctions. Actually,the type of group and the dimension of space
representation are very important. The dynamical symmetry in Hamiltonian of four dimen-
sional oscillator related to the U(1) dynamical group. So, the part of this system is solvable
by applying the generator of this group. Indeed, the one dimension of the representation
space reduces by this method. Also, using of hyperspherical and parabolic coordinates can
be suitable for separating of variables in the three dimensional spaces of system. So, in
addition the energy eigenvalues that are calculated in these coordinates, the wave eigenfunc-
tions of system are gotten based on the hypergeometric functions and generalized Laugerre
polynomials.
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